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In this paper we study the steady uniphase and multiphase solutiuons of the
discretized nonlinear damped wave equation. Conditions for the stability and
instability of the steady solutions are given; in the instability case the linear
stable and unstable manifolds are described.
1. Introduction
We consider the following mixed problem:
utt = (σ(ux))x + εuxxt, x ∈ (0, 1), t > 0, ε ∈ R (1)
u(0, t) = 0, u(1, t) = P, t > 0 (2)
u(x, 0) = u0(x), ut(x, 0) = u1(x), x ∈ (0, 1) (3)
where P > 0 and σ : R→ R is an application with the following properties:
σ(0) = 0, σ is continously differentiable on R, σ(ξ) > 0, ∀ξ > 0, σ(ξ) < 0,
∀ξ < 0; there exist α, β such that 0 < α < β and σ′(ξ) > 0, ∀ξ ∈ (−∞, α) ∪
(β,∞), σ′(ξ) < 0, ∀ξ ∈ (α, β), and α, β, such that 0 < α < β < β < β, such
that σ(α) = σ(β) and σ(α) = σ(β).
In the paper [1] it is shown that for ε = 1 the mixed problem 1-3 has a
unique solution on the appropiate function space. The uniphase and mul-
tiphase steady solutions are defined and it is studied the stability of these
steady solutions. It is presented also a discretization in the spatial variable
x of the equation (1.1) and some numerical simulations are presented. For
ε = 0 the problem was studied in [2].
For σ(ξ) = a2ξ, a ∈ R we obtain the wave equation studied in a lot of
papers.
The aim of this paper is the study of uniphase steady solutions and par-
tially the study of multiphase steady solutions of the system obtained via
1
a discretization of (1.1) in spatial variable x and then a discretization in
temporal variable t.
In the section 2 it is shown that the system obtained from the discretiza-
tion of (1.1) in the spatial variable x represents an equation Euler-Lagrange
by rapport with a Lagrange function discrete continuous with damped term.
The system has a finite number of steady solutions (uniphase and multi-
phase).
In the section 3, using the linearized system of the system used in the
section 2, we study the stability of uniphase steady solutions. We proove
that such a solution is stable if P ∈ (α, α) or P ∈ (β, β) and ε > 0. If
P ∈ (α, β) the uniphase steady solution is hiperbolic so it is unstable. We
have determined a polycycle curve for this solution.
For P ∈ (α, α) or P ∈ (β, β), ε = 0, we find a curve uc(t), t ∈ R such
that every of this components is periodic with the period
Tk =
pi
n
√
τ
cosec
kpi
2n
For the steady solution 2-phase we present stability conditions depending
on ε, τ1 = σ
′(α), ρ = σ′(β), α ∈ (α, α), β ∈ (β, β).
In the section 4 it is shown that the discretization of the equation (1.1)
leads us to a difference system of equations which represents the equations
Euler-Lagrange with damping for an associated discrete Lagrange function.
The steady solutions, uniphase and multiphase, are presented and we proove
that they are in finite number.
Also, in the section 4 we are studing the stability of the uniphase solu-
tions, the conditions for a uniphase steady solution to be hiperbolic and the
linear stable and unstable associated manifolds.
A similar study for the multiphase steady solutions will be done in a
future paper.
2. Semidiscretization of the equation
utt = (σ(ux))x + εuxxt
For ε = 0, the equation (1.1) represents the equation Euler-Lagrange for
the Lagrange function L : J2(R2,R) → R, L(x, t, u, ux, utx) = 12u2x − σ(ux),
2
where J2(R2,R) is the bundle of the jets of order 2 of the fibrate pi : R3 →
R2.
Be xk = kh1, k = 1, 2, ..., n the division points of the interval [0, 1],
h1 = 1/n and uk(t) = u(kh1, t), k = 1, 2, ..., n. For the boundary conditions
we consider: u0 = u(0, t) = 0, un = u(1, t) = P .
The partial derivatives ux, uxx, (σ(ux))x will be approximate by:
ux(kh1, t) ∼ 1
h1
(uk(t)− uk−1(t))
uxx(kh1, t) ∼ 1
h21
(uk+1(t)− 2uk(t) + uk−1(t)) (1)
(σ(ux))x(kh1, t) ∼ 1
h1
[
σ
(
1
h1
(uk+1(t)− uk(t)
)
− σ
(
1
h1
(uk(t)− uk−1(t)
)]
Let be the sequence (uk, u˙k) ∈ TR, k = 1, ..., n on the tangent bundle at
R and L : TR→ R the Lagrange function defined by:
L(uk, u˙k) =
1
2
u˙2k + w
(
1
h1
(uk − uk−1)
)
, k = 1, ..., n− 1 (2)
where w : R→ R with w′(ξ) = σ(ξ). The action of L is defined by:
A(u, u˙) =
n∑
k=1
L(uk, u˙k) (3)
In order to obtain the first variation of A we consider the sequence
(uk(η), u˙k(η)) ∈ TR, k = 1, ..., n with η ∈ (−a, a) and uk(0) = uk, u˙k(0) =
u˙k. The action (2.3) on this sequence is:
A(η) =
n−1∑
k=1
L(uk(η), u˙k(η))
The first variation of (2.3) is given by
∂A(η)
∂η
∣∣∣∣∣
η=0
= 0
The first variation of (2.3) is:
u¨k − 1
h1
σ(∆uk) +
1
h1
σ(∆uk−1) = 0 , k = 1, ..., n− 1 (4)
3
where
∆uk+1 =
1
h1
(uk+1 − uk) , k = 1, ..., n− 1
and
∆un =
1
h1
(P − un−1)
The system (2.4) represent the semidiscretized system of the equation
(1.1) for ε = 0.
The semidiscretized system of the equation (1.1) for ε 6= 0 is:
u¨k− 1
h1
σ(∆uk+1)+
1
h1
σ(∆uk) =
ε
h21
(u˙k+1−2u˙k+ u˙k−1) , k = 1, ..., n−1 (5)
and represents the equation Euler-Lagrange for the function L defined in
(2.2) with the disperssion:
ε
h21
(u˙k+1 − 2u˙k + u˙k−1)
To the system (2.5) we associate the equivalent system on T ∗R:
u˙k = vk , k = 1, ..., n− 1
v˙k =
1
h1
[σ(∆uk+1)− σ(∆uk)] + ε
h21
(vk+1 − 2vk + vk−1) (6)
with the action:
V (u, v) =
n−1∑
k=1
[
1
2
v2k + w(∆uk)
]
+ w(∆un) (7)
From (2.3) and (2.5) it follows that:
dA(u, u˙
dt
) = −
n∑
k=1
[
1
h1
(u˙k+1 − u˙k)
]2
(8)
From (2.5) and (2.6) it follows that any steady solution of the system
(2.5) satisfies the conditions:
σ(∆uk) = C, k = 1, ..., n,
n∑
k=1
1
h1
∆uk = nP, C ∈ R (9)
4
Because the function σ is not monotone we obtain two types of steady
solutions:
Definition 2.1. A uniphase steady solution u¯ for the system (2.5) is a
steady solution with the property: u¯k = kh1P , k = 1, ..., n− 1.
Definition 2.2. A multiphase steady solution for the system (2.5) is a
steady solution with the property: uk+1 − uk = h1f(k), k = 1, ..., n− 1.
We denote by E the set of multiphase steady solutions and:
E+ = {u¯ ∈ E : σ′(∆uk) > 0, k = 1, ..., n}
E− = {u¯ ∈ E : ∃k ∈ {1, ..., n} : σ′(∆uk) < 0}
In [1] it is shown that:
Lemma 2.1. For any steady solution u¯ ∈ E+ there is α ∈ (α, α¯) and
β ∈ (β, β¯), C ∈ (σ, σ¯), such that:
1) σ(∆u¯k) = C, k = 1, ..., n
2) ∆(u¯k) = α or ∆(u¯k) = β, k = 1, ..., n
3) kα + (n− k)β = nP
Lemma 2.2. If P < α or P > β¯ then E+ = φ
Lemma 2.3. The system (2.5) has a finite number of steady solutions.
5
3. Properties of the steady solutions of the
system (2.5)
The general form of the system (2.6) is:
Fk(uk, uk+1, u˙k−1, u˙k, u˙k+1, u¨k) = 0, k = 1, 2, ..., n (1)
Let u¯ be a steady solution of the system (2.6). The linearized system in
a neighborhood of u¯ is given by:
∂Fk

u¯+ n∑
j=1
ηjwj, ˙¯u+
n∑
j=1
ηjw˙j, ¨¯u+
n∑
j=1
ηjw¨j


∂ηj
∣∣∣∣∣∣∣∣∣∣∣∣
ηj
= 0 (2)
j = 1, ..., n
where ηj ∈ (−a, a), j = 1, ..., n.
The linearized system associated to (2.5) is:
w¨j − 1
h21
σ′(∆u¯j+1)(wj+1 − wj) + 1
h21
σ′(∆u¯j)(wj − wj−1) = (3)
=
ε
h21
(w˙j+1 − 2w˙j + w˙j−1), j = 1, ..., n− 1
A solution for the system (3.3) is:
wj = exp (λj)exp (iakj), ak =
pik
n
, k = 1, ..., n− 1, λ ∈ C (4)
From (3.3) and (3.5) yields:
λ2exp iak − 1
h21
σ′(∆u¯k+1)exp iak(exp iak−1) +
1
h21
σ′(∆u¯k)(exp iak−1) =
=
ε
h21
λ(exp iak−1)
2 (5)
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Theorem 3.1. If P ∈ (α, α¯) or P ∈ (β, β¯) the uniphase steady solution
u¯k = kh1P , k = 1, ..., n − 1 of the system (2.5) is asymptotically stable if
ε > 0 and unstable if ε < 0.
Proof: For the uniphase steady solution u¯, the equations (3.5) become:
λ2exp iak − 1
h21
τ(exp iak−1)
2 − ε
h21
λ(exp iak−1)
2 = 0, k = 1, ..., n− 1 (6)
where τ = σ′(P ). We denote:
µk =
(exp iak−1)
2
exp iak
= −4sin2 pik
2n
The equations (3.6) become:
λ2 − εµkn2λ− µkn2τ = 0, k = 1, ..., n− 1 (7)
with the roots:
λ2 =
1
2
µkn
2

ε±
(
ε2 +
4τ
µkn2
) 1
2

 , k = 1, ..., n− 1 (8)
If ε > 0, because µk < 0 yields that Re λk < 0 so it follows that the
steady uniphase solution u¯ is asymptotically stable.
If ε < 0, it follows that Re λk < 0 so the steady uniphase solution is
unstable.
Theorem 3.2. If P ∈ (α¯, β) the uniphase steady solution u¯ of the system
(2.5) is hyperbolic so it is unstable.
Proof: For the uniphase steady solution u¯ in the equations (3.7) become:
λ2 − εµkn2λ+ µkn2ρ = 0, k = 1, ..., n− 1 (9)
where ρ = −σ′(P ); the solutions of these equations are:
λ+k =
1
2
µkn
2

ε+
(
ε2 − 4ρ
µkn2
) 1
2

 (10)
λ−k =
1
2
µkn
2

ε−
(
ε2 − 4ρ
µkn2
) 1
2

 , k = 1, ..., n− 1
7
The real solutions λ+, λ− have the property: λ+ · λ− = µkn2ρ < 0. It
follows that they have opposite signs. The steady solution is unstable, it is
hyperbolic.
The linear manifolds associated to the steady solution of hyperbolic type
are:
u˜uk(t) = h1kP + exp (tλ
+
k )
n−1∑
j=1
ηjexp (iakj), t ∈ R, k = 1, ..., n− 1 (11)
u˜sk(t) = h1kP + exp (tλ
−
k )
n−1∑
j=1
ηjexp (iakj), t ∈ R, k = 1, ..., n− 1 (12)
u˜uk and u˜
s
k have the properties:
lim
t→−∞
u˜uk(t) = u¯k, limt→∞
u˜sk(t) = u¯k, k = 1, ..., n− 1
Theorem 3.3. The curves uhkk+1, k = 1, 2, ..., n, t ∈ R given by:
uhkk+1 =
u˜sk(t)
u˜sk+1(t)
u¯k+1 +
u˜uk+1(t)
u˜uk(t)
u¯k, t ∈ R (13)
are policycles for the uniphase steady solution, that is
lim
t→∞
uhkk+1(t) = u¯k
Proof: From (3.12) and (3.13) we have:
lim
t→∞
uhkk+1(t) =
u¯k
u¯k+1
u¯k+1 + u¯k lim
t→∞
u˜uk+1(t)
u˜uk(t)
From (3.11) yields:
lim
t→∞
u˜uk+1(t)
u˜uk(t)
= lim
t→∞
h1(k + 1)P + exp(tλ
+
k+1)
n∑
j=1
ηjexp(iak+1j)
h1(k)P + exp(tλ
+
k )
n∑
j=1
ηjexp(iakj)
=
=
λ+k+1
λ+k
lim
t→∞
exp(t(λ+k+1 − λ+k ))
n∑
j=1
ηjexp(iak+1j)
n∑
j=1
ηjexp(iakj)
8
From (3.10) we have λ+k+1 < λ
+
k and λ
−
k+1 < λ
−
k . It follows that
lim
t→∞
u˜hk+1(t)
u˜hk(t)
= 0
Thus we obtain:
lim
t→∞
uhk+1(t) = u¯k
Using (3.11) and (3.13) it follows:
lim
t→−∞
uhkk+1(t) = u¯k+1 + u¯k+1 limt→−∞
u˜sk(t)
u˜sk+1(t)
From (3.12) yields:
lim
t→−∞
u˜sk(t)
u˜sk+1(t)
=
λ−k
λ−k+1
lim
t→−∞
exp (t(λ−k − λ−k+1)·
·
n∑
j=1
ηjexp(iakj)
n∑
j=1
ηjexp(iak+1j)
= 0
Thus we obtain:
lim
t→−∞
uhkk+1 = u¯k+1
The curves (3.13) are a polycycle considering:
un+1 = u1
Theorem 3.4. If P ∈ (α, α¯) or P ∈ (β, β¯) and ε = 0 the curves:
uck(t) = u¯k + exp (λ
ct)
n∑
j=1
ηjexp (iakj), k = 1, ..., n, t ∈ R (14)
are periodic, with the period Tk =
pi
n
√
τ
sec
kpi
2n
, k = 1, ..., n, where λc =
±2in√τsin kpi
2n
.
9
Proof: For ε = 0 the equation (3.7) is:
λ2 − µkn2τ = 0, k = 1, ..., n− 1
with the roots:
λc = ±2in√τsin kpi
2n
The uniphase steady solution u¯k = kh1P is center for the system (2.5)
with ε = 0. From the condition uck(t) = u
c
k+1(t + Tk), k = 1, ..., n − 1, it
follows that exp (λc(t + Tk)) = exp (λ
c(t). Hence: 2n
√
τsin
kpi
2n
Tk = 2pi or
Tk =
pi
n
√
τ
cosec
kpi
2n
We continue our study with a multiphase steady solution u¯ ∈ E+. To be
more specific we will consider only 2-phase steady solutions. From Lemma
2.1. it follows that for α ∈ (α, α¯), β ∈ (β, β¯), with I(α) = {i ∈ {1, 2, ..., n},
∆u¯i = α}, I(β) = {i ∈ {1, ..., n},∆u¯i = β} we have
I(α) ∪ I(β) = {1, ..., n}
card I(α) · α + (n− card I(β))β = nP
Let consider the following sets:
J(α) = {i ∈ I(α) : i+ 1 ∈ I(α)}
J(β) = {i ∈ I(β) : i+ 1 ∈ I(β)}
and
K(α, β) = {i ∈ I(α), i+ 1 ∈ I(β)}
From (3.5) we obtain:
λ2 + 4εn2sin2
ap
2
λ+ 4n2sin2
ap
2
τ = 0, p ∈ J(α) (15)
λ2 + 4εn2λsin2
ap
2
+ 4ρn2sin2
ap
2
τ = 0, p ∈ J(β) (16)
λ2+4εn2λsin2
ap
2
−n2[ρ(exp iap−1)+τ(exp (−iap)−1] = 0, p ∈ K(α, β) (17)
10
where τ = σ′(α), ρ = σ′(β), ρ > τ .
Lemma 3.1.
a). The equations (3.15) have complex roots with negative real part if
and only if:
ε > 0 and ε <
√
τ
nsin
ar
2
, r = max J(α) (18)
The equations (3.15) have real negative roots if and only if:
ε > 0 and ε >
√
τ
nsin
aq
2
, q = min J(α) (19)
b). The equations (3.16) have complex roots with negative real part if
and only if:
ε > 0 and ε <
√
ρ
nsin
ar
2
, r = max J(β) (20)
The equations (3.16) have real negative roots if and only if:
ε > 0 and ε >
√
ρ
nsin
aq
2
, q = min J(β) (21)
c). The equations (3.17) have complex roots with negative real part if
and only if:
ε > 0
√
ρ+ τ −√∆
nsin
aq
2
< ε <
√
ρ+ τ +
√
∆
nsin
ar
2
(22)
q = min K(α, β)), r = max K(α, β))
where
∆ = (ρ+ τ)2 − (ρ− τ)2cos2ap
2
Proof: From the equations (3.15) and (3.16) it follows directly a). and
b).
The equations (3.17) may be written in the following form:
λ2+4εn2sin2
ap
2
λ+2n2(ρ+τ)sin2
ap
2
−in2(ρ−τ)sin ap = 0, p ∈ K(α, β) (23)
11
The necessary and sufficient condition for these equations to admit com-
plex roots with negative real part is:
2n2(ρ+ τ)sin2
ap
2
>
16εn4sin4
ap
2
8
+ 2
n4(ρ− τ)2sin2ap
16ε2n4sin4
ap
2
(24)
and
4εn2sin2
ap
2
> 0, 2n2(ρ+ τ)sin2
ap
2
> 0
Theorem 3.5. The 2-phase steady solution is stable if one of the follow-
ing conditions holds:
a). √
ρ+ τ −√∆
nsin
aq
2
< ε <
√
τ
n
, q = min K(α, β))
b).
√
ρ+ τ −√∆
nsin
pi
2n
< ε <
√
ρ+ τ +
√
∆
nsin
ar
2
, r = max K(α, β))
c).
max

 ρ
nsin
aq2
2
,
√
ρ+ τ −√∆
nsin
aq3
2

 < ε < min


√
τ
nsin
ar1
2
,
√
ρ+ τ +
√
∆
nsin
ar3
2


q2 = min J(β), q3 = min K(α, β))
r1 = max J(α), r3 = max K(α, β))
d).
max


√
τ
nsin
aq1
2
,
√
ρ+ τ −√∆
nsin
aq3
2

 < ε < min

 ρ
nsin
ar2
2
,
√
ρ+ τ +
√
∆
nsin
ar3
2


q1 = min J(α), q3 = min K(α, β))
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r2 = max J(β), r3 = max K(α, β))
The proof is a direct consequence of the Lemma 3.1.
Theorem 3.6. If ε = 0 the curves
ucp(t) = u¯p + exp (λ
c
pt)
n∑
k=1
ηkexp (iapk), p ∈ J(α)
ucp(t) = u¯p + exp (λ
c
pt)
n∑
k=1
ηkexp (iapk), p ∈ J(β)
where λcp, p ∈ J(α) respectively λcp, p ∈ J(β) are roots of the equations:
λ2 + 4n2sin2
ap
2
τ = 0, p ∈ J(α)
λ2 + 4n2sin2
ap
2
ρ = 0, p ∈ J(β)
are periodic with the period
Tp =
pi
n
√
τ
cosec
ppi
2n
, p ∈ J(α)
respectively
Tp =
pi
n
√
ρ
cosec
ppi
2n
, p ∈ J(β)
The proof follows from the above theorem.
Remark. For ε < 0 the equations (3.15) and (3.16) have positive roots
and it follows that the 2-phase steady solution is unstable.
For ε < 0 or ε not satisfying one of the above conditions a)., b)., c)., the
roots of the equations (4.10), (4.11), (4.12) may have positive or negative
real part in the case they are complex, or they are positive or negative real
numbers. In this case the steady 2-phase solution is unstable; it is hyperbolic
saddle. The associated linear manifolds may be described completely in the
same manner we have done for the uniphase steady solutions.
4. The discretization of the equation
utt = (σ(ux))x + εuxxt
13
Let xk = kh1, k = 1, ..., n the division points of the interval [0, 1] with
h1 = 1/n and tp = ph2, p = 1, ..., m the division points of the interval [0, 1],
h2 = 1/n.
We′ll approximate the derivates u˙k(t), u¨k(t) by
1
h2
[upk−up−1k ] and
1
h22
[up+1k −
2upk + u
p−1
k ], where u
p
k = u(kh1, ph2).
We call the discrete system associated to the equation (1.1) the following
system:
1
h22
[up+1k − 2upk + up−1k ]−
1
h1
σ
(
1
h1
(upk+1 − upk)−
1
h1
σ(
1
h1
(upk − upk−1)
)
=
=
ε
h21h2
[up+1k+1 − upk+1 − 2(up+1k − upk) + up+1k−1 − upk−1] (1)
k = 1, ..., n− 1, p = 1, ..., m− 1
The corresponding boundary conditions are:
up0 = 0, u
p
n = P > 0, p = 1, ..., m (2)
The system (4.1) represent the discrete Euler-Lagrange equations for the
discrete Lagrange function:
L(upk−1, u
p
k, u
p+1
k ) =
1
2h22
(up+1k − upk)2 + w(
1
h1
(upk − upk−1)) (3)
where w : R→ R, w′(ξ) = σ(ξ), and the dispersive term is:
ε
h21h2
[up+1k+1 − upk+1 − 2(up+1k − upk) + up+1k−1 − upk−1]
For (4.1) it follows that the steady solutions u¯ = u¯k satisfy:
σ(
1
h1
(u¯pk+1 − u¯pk)) = σ(
1
h1
(u¯pk − u¯pk−1)), k = 1, ..., n− 1 (4)
From (4.2) we obtain:
n∑
k=1
1
h1
(u¯pk − u¯pk−1) =
1
h1
P
14
Thus a steady solution u¯ satisfies the following:
u¯pk − u¯pk−1 = P − u¯pn−1, σ(
1
h1
(u¯pk − u¯pk−1)) = C, k = 1, ..., n, C ∈ R (5)
Definition 4.1. A steady solution u¯ = (u¯pk) with u¯
p
k = kh1P , k =
1, ..., n− 1, p = 1, ..., m is called uniphase steady solution.
A steady solution u¯ = (u¯pk) with the property u¯
p
k − u¯pk−1 = h1f(k), k =
1, ..., n− 1 is called multiphase steady solution.
Let E = {u¯ = (u¯pk)} the set of multiphase steady solution. We consider
the following sets:
E+ =
{
u¯ = (u¯pk) : σ
′(
1
h1
(u¯pk − u¯pk−1)) > 0, k = 1, ..., n− 1
}
E− =
{
u¯ = (u¯pk) : σ
′(
1
h1
(u¯pk − u¯pk−1)) > 0, k = 1, ..., n− 1
}
Theorem 4.1. The system (4.1) has a finite number of multiphase steady
solutions.
Let u¯ = (u¯pk) a steady solution of (4.1) and u˜
p
k = u¯
p
k +
n∑
l=1
ηlw
p
l (k), k =
1, ..., n− 1 the components of a vector with ηl ∈ (−a, a).
The linearized system associated to the system (4.1) in a neighborghood
of the steady solution u¯ is:
h21(w
p+1
l − 2wpl + wp−1l )− h22h21
[
σ′(
1
h1
(u¯pk+1 − u¯pk)(wpl+1 − wpl )−
σ′(
1
h1
(u¯pk − u¯pk−1)(wpl − wpl−1)
]
=
= εh2[w
p+1
l+1 + w
p
l+1 − 2(wp+1l − wpl ) + wp+1l−1 − wpl−1] (6)
p = 1, ..., m, l = 1, ..., n− 1
A solution of (4.6) has the form:
wpl = λ
pexp (iakl), ak =
4pi
n
, k = 1, ..., n, λ ∈ C (7)
Replaing in (4.6) we obtain:
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h21(λ
2 − 2λ+ 1)exp (iak)− h22h21(exp 2iak − exp iak)−
− skλ(exp iak − 1)− εh2(λ2 − λ)(exp iak − 1)2 = 0 (8)
k = 1, ..., n
where
sk = σ
′
(
1
h1
(u¯pk − u¯pk−1)
)
From (4.8) it follows:
λ2[h21 − εh2(exp iak − 1)2]− λ[2h21exp iak + h22h1(sk+1exp iak)(exp iak − 1)−
− sk(exp iak − 1)− h2ε(exp iak − 1)2] + h21exp iak = 0 (9)
k = 1, ..., n
For a uniphase steady solution u¯ = (u¯pk), u¯
p
k = kh1P and τ = σ
′(P ) > 0,
the equations (4.9) become:
λ2(h21 − εh2µk)− λ(2h21 − h22h1τµk − εh2µk) + h21 = 0 (10)
k = 1, ..., n
where
µk =
(exp (iak − 1))2
exp (iak − 1) = −4sin
2
kpi
2n
We suppose for the rest of this section that h1, h2 ∈ (0, 1) and ε 6= h
2
1
h2µk
.
Theorem 4.1. The uniphase steady solution for the system (4.1) is as-
simptotically stable if and only if the following condition hold:
τ >
h1
h22sin
2 pi
2n
, ε ∈
(
− h
2
1
2h2sin2
pi
2n
+
h1h2
2
τ,∞
)
(11)
Proof: The equations (4.10) have the roots in modulus less than 1 if and
only if (4.11) hold.
A necessary and sufficient condition for the k-th equation in (4.10) to
have the modulus of its roots less than one is:
h21
h21 − εh2µk
− 1 < 0
16
− 1− h
2
1 − εh2µk
h22
<
|2h21 + h21h1τµk − εh2µk|
h21
< 1 +
h21 − εh2µk
h21
(12)
The inequatities (4.12) hold if and only if
τ > − 4h1
h22µk
, ε ∈
(
2h21
µkh2
+
h1h2
2
τ,∞
)
(13)
But µk > µk+1 so it follows that (4.13) hold for any k = 1, ..., n if and
only if (4.11) hold.
Theorem 4.2. The uniphase steady solution u¯ = (u¯pk) of the system (4.1)
is unstable if one of the following conditions hold:
a).
τ < − h1
h21sin
2 pi
2n
, ε ∈
(
−∞,− h
2
1
4h2sin2
pi
2n
+
h1h2
2
τ
)
b).
ε ∈
(
−∞,− h
2
1
2h2sin2
pi
2n
− h1h2τ
)
c).
τ >
h1
h21sin
2 pi
2n
, ε ∈
(
− h
2
1
4h2sin2
pi
2n
,− h
2
1
4h2sin2
pi
2n
+ h1h2τ
)
Proof : a). The equations (4.10) have the roots in modulus greater than
one only if a). hold. A necessary and sufficient condition for the k-th equation
from (4.9) to have roots in modulus greater than one is:
h21 − εh2µk
h21
− 1 < 0
− 1− h
2
1 − εh2µk
h21
<
|2h21 + h22h1τµk − εh2µk|
h21
<
h21 − εh2µk
h21
+ 1 (14)
From (4.14) we obtain
τ < − 4h1
h22µk
, ε ∈
(
−∞, 2h
2
1
h2µk
+
h1h2
2
τ
)
(15)
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b)., c). can be prooved in an analogous manner.
Theorem 4.3. The uniphase steady solution u¯ = (u¯pk) for the system
(4.1) with ε = 0 is unstable if
τ <
h1
h22sin
2 pi
2n
Proof : For ε = 0, the equation (4.10) become:
λ2 − λ(2 + h
2
2
h1
τµk) + 1 = 0, k = 1, ..., n (16)
From (4.16) we have λ1λ2 = 1 and λ1+λ2 = 2+
h22
h1
τµk. A necessary and
sufficient condition for k-th equation from (4.16) to have one root greater
than one and the other less than one is:
τ <
h1
h22sin
2 pi
2n
Proposition 4.1. Let u = u¯pk a uniphase steady solution for the system
(4.1) which satisfies one of the condition b). or c). from the theorem 4.2.
and λ+k , λ
−
k the roots of the k-th equation (4.9) with |λ+k | > 1 and |λ−k | < 1.
The linear stable manifold is given by:
uspk = kh1P + (λ
−
k )
p
n∑
l=1
ηlexp (iakl)
p = 1, ..., m, k = 1, ..., n− 1
The linear unstable manifold is given by:
uupk = kh1P + (λ
+
k )
p
n∑
l=1
ηlexp (iakl)
p = 1, ..., m, k = 1, ..., n− 1
In these conditions it follows that:
lim
p→∞
uspk = kh1P and limp→−∞
uupk = kh1P
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